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Joint estimation and identification to the linear system with unknown input(s) (UI, Uls) is critical in the
control community as well as signal processing. In this paper we present the solution to the problem
based on the expectation-maximization (EM) method to alternately estimate system states and identify
the Uls. The dominant advantage of the proposed method is that we could handle the Ul(s) in not only
the system dynamics model but also the measurement model. Specifically we make the following contri-
butions: (1) providing the rigorous mathematical definitions of the problem, (2) theoretically proving the
existence and uniqueness of the solution to the joint estimation and identification problem, (3) present-
ing the theoretical proof of convergence and effectiveness of the EM-based algorithm, and (4) supplying
with sufficiently insightful explanations for the mathematical derivation.
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1. Introduction

Although theories of linear system analysis seems at times less
effective compared to some non-linear analysis techniques for cer-
tain groups of problems with non-linear properties [1-3], it is un-
deniable that presently for relatively large numbers of existing real
industrial ones, e.g. those being with natural linear-pattern dynam-
ics, or being without a prior knowledge of dynamics so as to un-
avoidably use a linear model to refactor, linear system theory is
still irreplaceable, and needs to be further developed.

One of the open and hot problems in the optimal estimation
and system identification is system analysis with unknown inputs
in not only (either) dynamics model but also (or) measurement
model. This phenomenon was partially noticed and reported many
times since 1975 [4]. Mathematically, according to Lan et al. [5],
the discrete-time linear stochastic system with unknown inputs is
given in (1)

{le = Fixy + Tiqy + MYuy + Miay (1)

Vi1 = Hip1Xeqq + Vi + Nﬂ 1Wer1 + Nigbyg,
+

where Xy, X, 1 € R" and y,,; € R™ are n-dimensional state vector
and m-dimensional measure vector, respectively. The n x n system
dynamics matrix F,, n xs noise-driving matrix T, input-driving
matrix M, of dimension n x d, matrix Ny ; of dimension m x r and
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m xn measure matrix Hy,; are all known. Besides, e x 1 vector
u, is known input signal, and Mg, Ng 1 are input driven matrix
with proper dimensions for wu. All matrices of F, Ty, H 1, M2~
Ngﬂ, M, and N are of full column rank. The s-dimensional pro-
cess noise q; and m-dimensional measure noise v, are all zero-
mean white Gaussian noises with known s x s covariance matrix
Q>0 and m x m covariance matrix R, ; > 0, respectively. The ini-
tial state Xy|r_o is Gaussian distributed with pre-given mean Xq
and co-variance X¥,. Moreover, q, v and X, are assumed to be
mutually independent since many industrial processes show this
property. Finally, we note that d-dimensional vector a; <R? and r-
dimensional vector by, € R" are unknown inputs. For simplicity
and without loss of generality, we in this paper treat the known
deterministic input signal u;, as zero through the time.

The unknown inputs, according to [5-11], could typically be
process noises, modelling errors, sensors’ fault, actuator faults,
sharp manoeuvres in target tracking problems, and man-made
jams as in electronic countermeasure. When these uncertainties
appear in practical problems, the unawareness may cause disas-
ters. Because the traditional Kalman filer is no longer powerful for
those problems so that the estimate error would be out of control
or even diverge [12-14]. The problem of jointly estimating the sys-
tem states and identifying the system particulars is termed here as
linear joint estimation and identification problem (LJEIP) and for-
matted by the Eq. (1). Obviously, the objective of solving the LJEIP
is to estimate system states X, and identify system particulars, aj
and by, simultaneously.
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In engineering, literatures pay multiple attentions on various
specific problems derived from the system (1). Because the un-
known inputs a, and by, ; could be deterministic [15], stochastic
[12] or mixed [10,16,17] signals. Different from this perspective, an-
other novel angle is that the unknown inputs could exist merely in
system model [4,12], measurement model [8,18] or both [5,10,17].
Obviously, different settings mean different oriented solutions be-
cause none of the existing methods is optimal for all problems, in
consideration of solution accuracy, convergence speed, robustness
and so on. Among them, worthy of mentioning is the follow-
ing five classes of methodologies: (a) unknown input observer
[19-22]; (b) adaptive and robust filter [12,13,23,24]; (c) multiple
model [22,25-29]; (d) minimum upper bound filter [12,30]; and
(e) linear minimum variance estimator [18,31-33]. They aim to
settle different categories of problems with different formulations
(or assumptions) or different optimality criterions. For example,
the robust filter concerns more on the infinity norm, while linear
minimum variance estimator cares the two norm (Euclid norm).
For specific application scenarios, oriented solutions stand out.

That the uncertainties exist both in system model and measure-
ment model is more general and getting increasing attention from
scholars over the time [5,10,34]|. In 2013, Lan et al. [5] firstly pro-
posed a method based on expectation-maximization (EM) idea to
tackle this problem and the proposed solution worked very well
in practice. Unfortunately, the authors did not provide comprehen-
sive theoretical investigation for this important problem. As far as
we know, there neither exist rigorous theoretical studies for it in
the existing literatures [35]. Due to the significance of this prob-
lem, we aim to make it up and provide the extension with theo-
retical results of optimal joint estimation and identification of lin-
ear stochastic system with unknown inputs. Our contributions are
summarized as follows.

(1) We provide rigorous mathematical definitions and deriva-
tions in using an EM based solution to calculate x;, a; and by in
the LJEIP. We also identify and fix mathematical errors in [5];

(2) We consider a more general case that l“,-,]Ql-,1l"l.T7l could
be non-invertible, which was not discussed by Lan et al. in [5]. For
detail, see Remark 5;

(3) We theoretically prove the existence and uniqueness of the
solution (the estimates to X, a, and b, that is, X,, a, and Bk) to
LJEIP (1);

(4) The effectiveness and convergence of the EM-based solution
to the LJEIP is theoretically proved;

(5) We replace the optimal smoother from forward-backward
algorithm with the RTS algorithm to improve the computational
efficiency;

(6) Insightful explanations are given for deriving theories to the
LJEIP.

For simplicity, we in this paper still only concern the case that
a, and by ; are unknown deterministic signals, not random vari-
ables. Thus the system (1) could be a Gaussian one. For more on
this point, we give Assumption 1 as a premise of our mathematical
derivation.

Assumption 1. It should be clearly noted that in this paper, specif-
ically in (1), a; and by are not random variables. They instead are
deterministic signals although we do not know their real values. In
this sense, the system (1) is still a Gaussian system, since the exist-
ing random variables q; and v, ; are normally distributed. Alter-
natively, we have the equivalent analysis on this point. We could
treat the term I'yq, + M;a, of (1) in state model as a whole part,
notated as a new Gaussian variable Z,. Then Z; is a normal ran-
dom variable with mean of Ma, and the variance of l“kal“l. The
story keeps similar to the term vj 4 + Ny, by, ; of (1) in measure-
ment model. It is with the mean of Ny 1b;,;, and the variance of

Rk+1 .

As a snapshot, we emphasize here that the main contribution of
this paper, the solution to the LJEIP, is termed as the optimal lin-
ear joint estimation and identification theorem (LJEIE) to the lin-
ear Gaussian system with unknown inputs, which is detailed in
Theorem 4.

The remaining paper is structured as follows. We illustrate the
relationship between current study and Lan et al. [5] in Section 2.
Following it, Section 3 introduces the Rauch-Tung-Striebel (TRS)
[36] fixed-interval smoother and analyzes its properties. We con-
duct theoretical study to the LJEIP in Section 4 which includes
proof of existence, uniqueness of the solution to the LJEIP, and the
proof of effectiveness, convergence of the EM-based frame to find
the solution. In order to demonstrate the effectiveness and effi-
ciency of the proposed LJEIT, we design a simulation experiment of
target tracking in Section 5 and analyze the corresponding simula-
tion results. In the end, we conclude the whole work and discuss
the possible future work in Section 6.

Before proceeding to the next section, we present several re-
marks.

Remark 1. Joint estimation and identification problem to linear
Gaussian system is actually the inverse problem of a linear system.
Because, obviously, a regular system maps the inputs into system
states and outputs. Contrarily, the joint estimation and identifica-
tion problem maps the outputs into system states and inputs.

Remark 2. A typical scenario that could be modelled as problem
(1) would be given as: suppose the real system model is F, and
the modelling result is F. Thus there is a difference AF between F
and F, that is, AF = F — F. In this case, the estimate to states would
have a bias AF;x,. However, we could use the model M,a,, to elim-
inate or at least weaken this bias, since M, could be determined
with the experience knowledge in engineering. At worst, M, could
always be treated as n x n identical matrix L

Remark 3. In engineering, requiring the matrices F, I', H, M and N
are of full column rank is reasonable and even necessary. Because
it means all the information contained in states variables or inputs
will be used.

Remark 4. In engineering, requiring the matrices Q and R are of
full-rank (namely invertible) are reasonable and practical. For R, it
is without any doubt [36]. For Q, if it is rank deficiency, then we
could always adjust the form of T to let Q be of full rank. For ex-
ample, if T = [T, T, T3], and Q = diag{0. 02, 02}, then we could
let I'=[T,. T3], and Q = diag{o, 0}}. After this transformation,
the Q could always be of full rank and invertible.

2. Review of lan et al. (2013) [5]

Current work is based on Lan et al. [5] and a re-investigation
of the studied problem. In this section, we comprehensively re-
view the work of Lan et al. (2013). In [5], the authors first de-
fined the complete-data log-likelihood function L;ﬁf, based on ob-
servations {y,_;,¥x_i+1.---.¥x} and assumed unknown variables
{ak_,, ak_l+1 ..... ak} U {bk—l’ bk—l+1 ey bk}’ in which k is the cur-
rent sampling time and k — ! means [ steps before from current
time k. Subsequently, employing EM-based algorithms, Lan et al.
(2013) proposed the solution to the LJEIP.

Obviously, Lan et al. (2013) have studied important problems
and made significant contributions to the community. The authors,
however, only gave a practically workable solution and performed
convicing simulation study by setting some variables to be special
forms. They did not present strong theoretical investigation. For in-
stance, they did not prove the existence and uniqueness of X, a and
b. They neither present the proof of the effectiveness and conver-
gence of the EM-based algorithm. Moreover, because of an error
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made in Eq. (25) in [5], the authors simply viewed l'i,lQ,»,J'iT_]
as invertible, which is not sufficient and this matrix could actually
be non-invertible. We also point out that the optimal smoother
used to solve a fixed interval smoothing problem could be actu-
ally replaced by the RTS filter and the computational efficiency
can be improved. In the end, we note that there are errors in
mathematical derivation in [5]. As a note, we have fixed them in
Appendix A.l.

3. RTS Smoother

In this section, we introduce the RTS smoother which will be
used to support our linear joint estimation and identification the-
ories. The RTS smoother is an optimal smoother applied in a fixed
interval. In current study, we only present the RTS algorithm and
do not introduce it in detail. We invite interested readers to refer
to Section 9.4 in [36] for more information on this algorithm.

Theorem 1. [RTS smoother] For a linear Gaussian system defined as
(1) in time interval [1, N, if {yxlk €{1, 2, ---, N}}, {ay, bilk (1, 2, ---,
N}}, xg and X, are uniquely pre-given, then, for any ke{1, 2, ---, N},
the estimate X, of the system state X, uniquely exist, in the sense of
linear unbiased minimum variance. Besides, the value of X, is given
by Algorithm 1.

Algorithm 1 RTS Smoother. See Ref. [36] is in Algorithm.

Input: {y,|k e {1,2,...,N}}, {a;, blk e {1,2,...,N}}, Xg and X,
1: Initialize the forward filter: compute X7, and PJTO given by
Egs. (9.135) in [36]

2: Execute the forward filter for k=1,2,3,...,N: compute
Kseand P§ given in Eqgs. (9.136) in [36] and
Pfk = Fk—lpzk_]Fl—l + rk—le—er_l (2)
Xy = FeaXp + M 3)
X7 =X+ K (v — HiXj, — Niby ) (4)

3: Initialize the backward filter: compute Xy and Py given by
Egs. (9.137) in [36]

4: Execute the backward filter for k=N-1,...,0:
quantities given by Egs. (9.138) in [36]

Output: {X;|ke{1,2,---,N}}

compute all

Proof. According to the principle of the RTS smoother, it is obvi-
ous. For detail on the RTS smoother, see [36]. O

For the sense of linear unbiased minimum valiance, we detail
in Remark 7.

Theorem 2. If {y,|lke{1,2,..., N}} are uniquely pre-given, letting
0k = [ag. b]T, then R, is continuous in the definition domain of py.

Proof. Theorem 1 and [36] uphold that the mapping from y;, p; to
X, is no wonder a function (one-to-one mapping). Thus discussing
the continuity of X, over p, is meaningful. Let Dy[p,] be the def-
inition domain of p;. (1) If Dy is a continuous set, according to
Theorem 1 and Algorithm 1, this theorem holds; (2) If D, is a dis-
crete set, we just need to prove that X, is continuous at every sep-
arate points in the definition domain of p,, because it is a discrete
set [37]. By the fact that for every p, € Dy and Ve > 0, it is true that
35>0 and 3peDy, if [lox— pll < 8. then |Re(or) —Ke(0)| <e.
The fact stands because p could always be p,. Thus according to
the definition of continuity in functional analysis (or in real analy-
sis) [37], the theorem stands. O

4. Solution to linear joint estimation and identification
problem

For a physical linear system, its states X, and unknown inputs
ay, by definitely exist (because a, and by could be always zero if
need). And our aim is to estimate those unknown variables. From
the viewpoint of statistics, to construct a statistics as an estimate
of a variable, we must depend on enough measures with respect to
it. Therefore, we consider the measure set from time step k — 1 to
k, where k indicates the current sampling time and k — ! means
I steps before from current time k. The LJEIP (1) seems plausi-
ble to be solved based on EM-frame, in consideration of that EM-
algorithm could alternately and simultaneously optimize the esti-
mates of X, ay, and by, and give the definite numerical values of
them. The mechanism of EM algorithm actually is to get the max-
imum likelihood estimate of random variables by alternating opti-
mization in different variables. Thus we should first construct the
likelihood function for the LJEIP defined in (1). As a summary, we
give the motivation of using the EM-based frame as our technique
in Motivation 1.

Motivation 1. In LJEIP (1), we actually have two different kinds
of signals (the system states and the unknown inputs) to be esti-
mated. According to the RTS fixed interval smoother, however, if
we have the estimates of unknown inputs, we then could have
an unique estimate to the system state. Thus only the unknown
inputs are the independent underlying variables to the stochastic
system (1). Thus if we treat the unknown inputs as our underly-
ing parameters, the system outputs y; as our observations and the
system dynamics (1) as our probability distribution, we then could
use the EM algorithm to maximize the likelihood function (from
the unknown inputs to the outputs) while optimizing (estimating)
the underlying parameters (unknown inputs).

Definition 1. Let XX | = {X,..... %}, Y¥ | = (¥ o ... Vi), AL =
{ap.....a ). BE ={b.....b}. and pf  =[AK B} |, re-
spectively. Plus, using pf , as an estimate to pf ; and Kjj_px =
E[x;| Y . pf . YKI=1 pk=I=1 x4 %] as the conditional expecta-
tion of x; (Obviously, R;x_;.x is smoothed result of x; in the interval
[k — 1, k]). Together with Rjj_p.;, let P; jj_p.x = COVRjji_pok» Rjjk—i:k )
define its co-variance matrix with X;;_.;. Also, let X; be the esti-
mate error of x;, that is x; = X, + X,.

To apply the EM-frame, we should firstly define the likelihood
function and its conditional expectation [38-40]. Obviously, in the
LJEIP, observable data set is Y’,j_l, which is also referred to as “in-
complete data”; likewise, unobservable data set is Xﬁw also known
as “complete data” [5,39,40].

Definition 2. Let ]/’571 be the incomplete data log-likelihood
function in discrete time interval [k—1, k], that is ],’:_l:
log pIY}_|(pf ;. Y&=1, 511 %0, Zg)]. and T,
expectation of J¥ . that is T¥, :EX,;il[],’:_l(p,’:_l)lﬁlf_l,Y;:_,]; Let

be conditional

Ri 11 = E[X__1| (Y571, pk171 x4, Bp)] be the conditional esti-
mate of X;_;_; and P,_;_; = cov(X;_;_1, Xx_;_1) is its co-variance
matrix. The operator D is defined as D(x,P) =x"P~'x, and C is
as C(x) = xx'. Ex(y) means conditional expectation of y in pres-
ence of X; Tr(A) means calculating the trace of matrix A; and ||x||
means any practically proper types of norm of x, typically the 2-
norm ||x||5.

With Definition 1 and Definition 2, jl’:fl could be further dis-
played in Eq. (5).
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)| (o

[ l|Yk v (PE z’Yk H Ak ! Xo,zo)]

= log { p[ (X Yi_) | (o Yi 71 A1 %0, Zo) ]}

—log {p[ XY (P Yo 1 217 %0, o) ]}

=L - 0 (5)
where
15 = tog p[(X{_, ¥E )| (oL Y11, " 0. Bo)

— g o (47,7 0 %)

k
+ Y log p[xilxi_1, (0F_p Rei-1) ]

i=k—I
k
+ > logp[yilxi. (piy) ] ©

i=k—I

As for Oﬁ ;» its specific pattern should be determined by the

smoother we used, like forward-backward smoother or RTS [36].
However, it has a common type showed in (7)

Op, = logp[X’,jﬁ,|Yf§7,, (P Y B %0, ) |
= lOg p[xk,,,1 | (Yllcilil, ,64(7’7] , X0, Eo) ]

k
+ Y log p[xilxi_1, (Y 061 Reci1) |- (7)
ik

Besides, the conditional expectation T¥ | of J& | is
T (0| A1 Vi) = R, (o) [ (i Yi) ]
= Ege [ (o) | (P Yi) ]
~Egy [0%1(oi) | (P Vi) ]
=1 Gy (o | P I’Yf )

—H¢ (o6 I}pk b Yi)- (8)

Remark 5. For some Linear Gaussian system in engineering, I'
should be of full rank and thus T'QI'T should be invertible. How-
ever, for types of special ones, I' may be rank deficiency, which
leads to T'QIT is non-invertible. For example, in target tracking
community [8,41], the noise driven matrix I is like

1 0 T2/2
LS|

where ® refers to the Kronecher product. The T now is with the
dimension of 4 by 2, and the covariance matrix Q of q is 2 by
2. Obviously, in this case the corresponding matrix TQI'T is rank
deficiency (the rank is 2 rather than 4). For completeness, we
must discuss the case that I' is rank deficiency, which is placed in
Appendix A.3. In following contexts, for briefness, we mainly dis-
play the case of that I' is of full rank.

Remark 6. Due to the definition of iteration process of EM algo-
rithm is only based on Lﬁf, [38-40], having nothing to do with
Of ;» Lan et al. [5] therefore exclusively paid their attention on L;:_l
rather than ],’j_l, O’,;_l and so on. This should be an ambiguity and
easy to misunderstand the readers. Besides, in order to prove the
convergence and effectiveness, it is necessary to take all of those
items into consideration.

After clarifying the necessary definitions and notations, we then
need to discuss the generation of the EM solution to our LJEIP. We
in Motivation 2 give the general ideas of how to derive the specific
solution, and how to prove its convergence and effectiveness.

Motivation 2. In order to obtain the corresponding EM solution
to the LJEIP, we then need to specify the likelihood function (LLF),
derive its conditional expectation and construct the EM sequence
(including Expectation step and Maximum Step) [5,39]. As for the
convergence and effectiveness proof, the Theorem 2 and Corollary
1 in [39] works as long as we can show the continuity of the con-
ditional expectation G’Ll of the LLF of the complete-data set, and
the unimodality of the conditional expectation Tk"_l of the LLF of
the incomplete-data set. Thus in Lemma 1 we figure out the condi-
tional expectations of the both complete-data LLF and incomplete-
data LLF, and in Lemma 2, 3, and 4 we show the continuity and
unimodality aforementioned. Next, in Lemma 5 and 6, we dis-
play why the EM sequence defined in Definition 3 converges to
a global optimal solution for the interested problem. In the end, in
Theorem 3 and 4 we make clear why the proposed EM solution
works for our LJEIP.

In view of the fact given by Egs. (9)~(12),
(X | (Y1 A %0, o) | = N(Riei1, Prci1) (9)

p[xilxic1s (6 Rei-1) ]
=N(Fi_1Xi1 +Mi_ja4, T Qi I ) (10)

p[Yi|xi’ (,Ollf,z)]

p[xi|xiz1, (YE_ o6 Reeio1) | = NRipe—er Ptk ) (12)

where N(u, D) means Gaussian distribution with mean p and
variance D. For the case that Fi,1Q,4,1FiT7] is non-invertible, see
Appendix A.3.

Eqg. (6) could be further given as

= N(H;x; + N;b;, R)) (11)

Lk =Lgy +L,1<, NS 1+L3 k—I> (13)
where
2n+m+I(m+n) 1
Llé ke *f( log(27) — 5 log |Py._;_1]
1 X
-3 > (log|Ti1Q1TT, | + log [Ry]) (14)
ik
X 1
L= iD(Xk 11 — Ri1o1, P 1) (15)
1k
Llﬁ,k,, =5 Z D(Xi —Fi_1Xi_1 —Mi_1a;_4, ri_lQi_lriT_1) (16)
i—k—1
L =— Z D(y; — Hix; — N;b;, R;), (17)
i=k—
and Eq. (7) could be rewritten as
o) l_okl+olkl+02k1’ (18)
where
n+n(l+1 1
0k, = -2 D togar) - 2 log Py |
1 k
) > log |Py ik | (19)
ik
. 1 .
Ol = —iD(Xk_H —Xy_i-1, Pk—l—l) (20)
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—
=

Og,k—l =75 Z D(Xi - ii.i\k—l:kvpi.i|k—l:k)y (21)

in which the operator D is defined as D(x,P) = x"P~'x and |A|
means determinant of matrix A. For the case that I‘i,1Q,-,1l“i771 is
non-invertible, see Appendix A.3.

Lemma 1. The conditional expectation G;:_l
(1) is given as

Gl = Eg [k (pir) } (¥i

of LK, regarding LJEIP

k Ak
k—1° Pk-1> xk—l—l)]

k k k k (22)
=Gt + Gy + Gy + 634
where
Gox1="Lo s (23)
k n
G1=-5, 249

1 k _
Gsp1= —2Tr{ > [iQia T !
1

i=k—I

'|:c(xi|kl:k = FiaXi ek — Miz1aiz1) + Pigpep

—PiiaptkFl g — FiaPi g ik + Fi—lpil.illkl:kFiT_1] } (25)

k
1 -
= —2Tr{ > R
i

=k—1

. [C(Yi — Hiij_ix — Niby) — HiP; ik HIT] } (26)

and the conditional expectation HY |, of OX_, is as

H" 1=Ex I[Oﬁ*’(’o”:fl)’( k— l"ok 1 Rl 1)]

I I (27)
=Hp +Hip + H2.k—l*

where

Hk l_ook ! (28)
n

Hij1=—3 (29)
n(l+1

H = _nd+n (30)

5
and the operator C is defined as C(x) =xx!. For the case that
ri_1Qz_1r,~T,1 is non-invertible, see Appendix A.3.

Proof. See Appendix A.2. O

To apply EM frame, we now discuss the properties of GL,. Be-
low are conclusions.

Lemma 2. Gﬁfl is continuous over the definition domains of both
Py and py .

Proof. No wonder, Gf , is continuous to X;_ and pf ;. because
the definition of Gﬁf, is basic. Besides, according to Theorem 2,
Xjk_1x iS continuous to [)[{‘7,, thus in consideration of theory of

functional analysis (or real analysis) [37], G’,:_l
,6,’(‘_,. Therefore, the lemma stands. O

is continuous to

Lemma 3. GX

of  =1af_,.bk |7, and the peak is reached at its unique stationary
point (meaning local maximum here), if M;, N; are all of full column
rank.

is a concave function on the definition domain of

xO A
g | x(T.)
_20_’ Equation Equation
b (43) < (44)
0 iy ~
— > | pi(T*)
T =135, rr+2,..
T =2,4,6,...r—1r+1,...

Fig. 1. Iteration process defined in Theorem 4.

Proof. The Hessian matrix of G¥_, on pk | is

3ZGk H 0
Py, [01 Hz] (31)
0 (:01:_1)8 (Iok—l)
where
H, zdiag{_M?_l [ i 1Ql 11‘ ] 1 1} ek (32)
i=k—1,...,
H, = diag{-N{ -R;"-Ni} )

It is obvious that both H; and H, are negative definite. Thus
H;,; is negative definite. Besides

acﬁfl — D1 (34)
apg, D2

where D; and D, are given by Egs. (35) and (36).

-1
D, = Col{M,_l [T Tl
(Kt = oo —Misiaia) (35)
Do collN R (0 B NB) L, ()

In consideration of that M; N; are all of full column
rank, that is, the matrices defined by {NT-R'-N;} and
[ML . [Fi_1Qi_1FiT71]7l -MH] are all positive definite and thus

invertible, the lemma stands. For the case that I‘l»_1Q,'_1I‘l.771 is
non-invertible, see Appendix A.3. O

Lemma 4. Tk"4 is a concave function and the unique point reaching
its peak T* is same with the point reaching the peak of Gﬁfl, if M;,
N; are all of full column rank. As for the point p* reaching the peak
mentioned above, it is given by (37). For the case that I‘,-,1Q,v,1I‘iT_]
is non-invertible, see Appendix A.3.

7] N N
{32“_1 =AM - [ri—lQi—lriT_l] . (Xi\k—l:k - Fi—lxi—1|k—1:k)
by =B8N -R" - (Vi — HiRiiie )

(37)
where A={Mi7 Tl 7 M| B = (NN,

o = [ar l,b*] and k—I<i<k
Proof. In consideration of that if ﬁ,’j_l and Y{:_l are pre-given, then

X’,ﬁ_l would be determined by RTS Smoother. Thus HL‘_I has nothing
to do with pl’jfl. Specifically, see Egs. (28)~(30). That means
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9*Gy H 32Tk and
ﬁ - |:01 :| = % (38) . o
3(pi1)d(piy) 3(p)0(piy) H (P r+ 1) = Hey (A )
G, [p] _ 9T, 39) always hold.
apf, | P2 dpf ) Proof. See [39,40]. O

and [MI.T_1 : [l“,-,lQ,ql"iT_]]fl ‘M4 ] {NT-R;" - N;} are all invert-
ible, if further we let D; = 0 and D, = 0, the lemma stands. O

Definition 3. Let r =0, 1, 2,3, ... be the index of the array {f;} :=
{pK ,(n}. The element pf ,(1)|;~o of the array is recursively de-

Ak

Py

(42)

Lemma 6. If G | is continuous over both pf ; and pf |, then all
the limit points of any instance of the array {pr} ={
fined in Definition 3 are stationary points (local maxima) of Tk’iI,
and T,ff,(ﬁ,’:ﬁ,(r)) converges monotonically to its peaks T* =T (p*)

(r)} de-

fined as
ﬁ;{c,[ (r+1) =arg {nax Gﬁ,l (/OII:,I |Y,;§,[7 ;61’:,1 ()
Pr-1
= argmax Eg, (L (0 DI Vg, D (M), (40)
Pr

with the initial value Ak ,(0) = g (|| Ao|| < o).

The Eq. (40) in Definition 3 actually gives Maximum step in EM
frame, meaning obtaining the maxima of the conditional expecta-
tion of the complete-data set likelihood function Gﬁfl. Correspond-
ingly, Lemma 1, which calculates G’,:_l, gives the Expectation step
in EM frame. For the detailed concepts of Expectation step and
Maximum step of EM frame, see [5,38-40].

Lemma 5. For any instance of the array {p;} := {ﬁ,’j_l (r)} defined in
Definition 3, the inequalities

Té (P, (r+ 1) = X (PF () (41)

for some stationary points p*. Further, if Tk"_
/5}:_[(7') — pr.

((pf ) is unimodal, then

Proof. According to Lemma 2, Lemma 4 (Concave is sufficient to
unimodal), Lemma 5, Theorem 2 and Corollary 1 in [39], this lemma
holds. O

4.1. Existence and uniqueness of solution to LJEIP

In this section, we prove the existence and uniqueness of the
solution to the LJEIP.

Theorem 3. For the LJEIP defined by (1), if the system measures
yi.i=1,2,3,...N are uniquely pre-given, and the input-driving ma-
trices M;, N; are all of full column rank, then the solutions to LJEIP,
that is, %;, a; and b;, uniquely exist, with the initial conditions Xo, Xq
and arbitrarily given norm-finite py (H,ﬁo H < 00), in the sense of lin-
ear unbiased minimum variance, no matter whether I‘i_1Q,-_1l“iT71 is
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Fig. 4. The tracking results given by the IMM method.
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invertible (that is, whether T';_; is of full rank) or not. Here X;, a; and
b; is the estimates of x;, a; and b;, respectively.

Proof. To be identical with the definitions given in previous sec-
tions, let k—I=1 and k=N, if we using Definition 3 to gen-
erate a sequence ﬁ,’:ﬁl(r), then according to Lemma 6, X;, &;
and ﬁi uniquely exists, and &;, ﬁi are given by p* = [a*,b*]T.
Also, according to Theorem 1, X; is uniquely determined by RTS
smoother within [k — [, k] (Algorithm 1). In summary, the theorem
stands. O

4.2. Linear joint estimation and identification theorem (LJEIT)

Theorem 4. For Linear Joint Estimation and Identification Problem
(LJEIP) defined by (1), if the system measures y;,i=1,2,3,...N are
uniquely pre-given, and the input-driving matrices M;, N; are all of
full column rank, then the solutions to LJEIP, that is, X;, & and b;,
uniquely exist, in the sense of linear unbiased minimum variance, no
matter whether ri_1Qz_1F,-T,1 is invertible (namely, whether T';_; is

of full rank) or not. Plus, the numerical values of X;, a; and B,- could
be given by a iteratively convergent process (43) and (44) (see also
Fig. 1):

%;(r) = RTS({yi}|iz1.2..n - X0, o, A (1)) (43)
a,0+1) =AM [T,QT7,]"
[Ri(r) — Fia%ia ()] (44)

bi(r+1)=8"1-N R [y - H&(n)].

-1 _
where A= {M,Tfl QT ] M } B={NT RN},
i=1,2,...,N, with the initial conditions Xy, Xq and arbitrarily given

norm-finite Py (||,50|| < 0).
That is, if r— oo, then

Xi(r) — X;
a;(r) — &
B,-(T) — B,-.
In Egs. (43)~(45), r=1,2,3,... indicates the r'" iteration, and
the function RTS means executing the RTS smoother defined by

Algorithm 1. For the case that l"i,lQl-,1FiT_1 is non-invertible, see
Appendix A.3.

(45)

Proof. According to Lemma 4 and Theorem 3, the theorem
stands. O

Remark 7. To stress that Theorem 3 and Theorem 4 stand in the
sense of linear unbiased minimum variance is because the RTS
smoother works in the sense of linear unbiased minimum vari-
ance. Generally, an estimate of x;, denoted by X;, is said to be opti-
mal in the minimum mean square error (MMSE) sense, if X; mini-
mizes E[||x; — X;||?]. Since the unknown input a;_; and b; are deter-
ministic, not random variables, the estimates to them, 4;_; and B,-,
should be dependent on the properties of X;. Specifically, according
to Eq. (44), the estimates to a;_; and b; are also given in the sense
of linear unbiased minimum variance, with mean of &,_; and b;,
respectively.

The diagram of iteration process defined in Theorem 4 is illus-
trated in Fig. 1.

For a real system in engineering, the measures {y;|i=1,2,...}
are always got in sequence in accordance with time step, that is,
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Fig. 6. The tracking results given by the LJEIT proposed in this paper.
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Algorithm 2 The algorithm of solving the LJEIP in sequence. See Remark 9 and Egs. (43) and (44) is in Algorithm.

Definition: rmax is maximum iteration steps; 6, is desired precision to, if reached, end the iteration process; 8, is threshold to decide

whether p should be zero.

Initialize: r < 0, k < 0, §g < 0

Input: X, Xo, "'max, 81, 8p, I and y,, k=1,2,3,...
1: while true do

k< k+1

3 if k < then

4 Continue While

5: end if

6 p(0) < po
7

8

9

r<20
repeat
: The iteration process (43) and (44)
10: r<r+1
1 until 1> rmay or | Ai(r+1) = g0 < 8,
12: /| To check if the unknown input is zero or not
13 for each p in A(r+1)|ij<izk do

14: if p < 4§, then
15: p <0
16: end if
17: end for
18: /| To accelerate the iteration process, use parts of the ,6]’::[14 as initial conditions. See Remark 9.
19:
Po < [P+ Dlicimizick{2 1 14+ 1} A+ Dlicimizizck {l + 1} ] (46)
20: /| Note that k here actually means the (k + 1)th iteration. Because in the beginning of “While” statement, we have k < k + 1.
2. Record: &, 4, by,
22: if end of getting y; then
23: Break While
24: end if

25: end while R
Output: {(X;,3,,b)|k=1,2,3,..., }

{V1,¥2.¥3, ...}, instead of in block. Thus we provide Algorithm 2 to
solve the LJEIP.

Remark 8. In Algorithm 2 two practical skills are used: (a) Use
a threshold to set the estimates of some unknown inputs to
zero. Because due to the existence of noise, even though there is
no unknown input (that is p=0), o would not always be zero
[5]; (b) Use the estimated p in time interval [k—1—1,k—1]
as parts of the initial conditions to execute iteration process
in time interval [k — [ k]. In detail, pp in time interval [k —1I, k]
is constructed as  Po|k_ri =1 Ppref2:1+1},  Pprefl +1} ],
where Py means the estimate to p in time interval
[k—1-1,k—1], {2:1+1} means extract the columns from
column 2 to column I+1, and {l/+1} means the last col-
umn. We can also construct the initial value g, by /30‘[,#,’,(] =
[ Dprell +1}  pPprell +1}, ... Pprell +1}  Ppre{l +1} ], just
as Lan et al. does in [5].

Remark 9. For Algorithm 2, another one important trick in prac-
tice is that we can let the estimates to the unknown inputs keeps
constant within [k — [, k], meaning taking the average of all the
estimates at different steps within this window so that we can
weaken the negative influences introduced by noises, just as Lan
et al. does in [5,8]. We in the simulation of this paper also use this
trick.

5. Simulation experiments and results analysis
In Lan et al. [5], the authors demonstrated the simulation of

tracking a manoeuvring target in the presence of the RGPO (range
gate pull-off). In the experiment, the target manoeuvre exists as

unknown input in system dynamics model and the RGPO as un-
known input in measurement model. The experiment results il-
lustrated the proposed method could simultaneously estimate the
system states (position and velocity of the target) and identify the
unknown inputs both in the system model and the measurement
model. Notably, it is the identifications of unknown inputs that im-
prove the estimate accuracy of the system states. Overall, the pro-
posed method outperformed the canonical Interactive Multi-model
(IMM) method, because IMM is powerless for the unknown inputs
appearing in measurement model. As a corroboration to [5], we
in this paper consider another scenario of tracking a manoeuvring
target. The simulation is based on a desktop having the following
configurations:

o Operation System: Windows 10 Education;
e CPU: Intel Core i7 3.2GHz x64;
+ RAM: 8G.

5.1. Simulation scenario and problem formulation

The scenario in this paper is with following conditions:

o The simulation evolves in total tmax = 40s, with the sampling
time T; = 0.1s. Thus the discrete time span is 0 <k <400;

o The target moves in the ground (a 2D-plane with x axis and y
axis) with a constant velocity. Its initial position is [0,0]"m and
initial velocity is [5, —5]"m/s. However, during the time slot
60 <k <100 (6 <t<10), it manoeuvres in the x axis with the
acceleration of 10m/s?;

o The ranging radar system (the sensor) could directly obtain the
position of a mobile target. However, there exist radar biases in
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Fig. 7. The unknown inputs identification results of the LJEIT.

biases are given as
By = A + Asin(0.01t)
By = Ap + Acos(0.01t)
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Fig. 8. The tracking results given by the LJEIT when [ = 1.

where t denotes the time in seconds; By is radar bias in x axis
and By is radar bias in y axis. The constants Ay = 250m and
A =20m. The measurement noise is 1m in both x and y axis,
that is, the covariance matrix in (1) is Ry, = diag{1, 1}.

Obviously in our simulation, the system states X are real-time
position and velocity of the target. The manoeuvre (acceleration
within 60 <k <100) is the unknown input a; in system model and
the radar bias is unknown input b, in measurement model. Hence-
forth, in the following we should estimate the position and velocity
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Fig. 9. The tracking results given by the LJEIT when | =5 (Part I).

of the target and identify the unknown inputs both in the system
model and measurement model. The unknown inputs in the sys-
tem model and measurement model is graphically given in Fig. 2.

As a result, we have the real position and measured position in
x axis and y axis in Fig. 3, respectively.

From Fig. 3, we can find that the sensor biases and target ma-
noeuvre introduce the significant influences to target tracking and
target trajectory. Although canonical filters of Kalman family, in-
cluding the IMM method, could to some extent handle the prob-
lem caused by target manoeuvre, they could do nothing to sensor
bias so that the estimate error could be intolerable. Thus in order
to further improve the tracking accuracy, we must identify the un-
known inputs. This is why our story comes. In Subsection 5.2, we
firstly display the tracking results given by the IMM method, just
as an intuitive understanding to the insufficiency of canonical fil-
ters, and in Subsection 5.3 we show the tracking results given by
our Algorithm 2, namely the LJEIT (Theorem 4) in this paper.

5.2. Tracking results by the IMM method

We consider three different tacking models in this part, con-
stant velocity model (CV), constant acceleration model (CA) and
Singer model (Singer). The mathematical expressions of the three
models could be found in [41]. For briefness, we omit them
here. In the Singer model, we set the key parameter (the re-
ciprocal of the maneuver time constant t) as « = 1/20, as sug-
gested in [42]. Additionally, the initial model probability vector is
[CV, CA, Singer]T =[0.35, 0.35, 0.3]7, and the model probability
transition matrix is

0.9 0.05 0.05
P;=(005 09 0.05
0.05 0.05 09

The initial system state Xo is set as Xg = 0g,.1, meaning a
6-dimension vector having all elements of zero; the initial co-
variance ¥y = Ig,6 x 10°, meaning a 6-dimension identical matrix
multiplied by a large number.

With all simulation conditions aforementioned, the tracking re-
sults by the IMM method are illustrated in Fig. 4.

Besides, we have the model probability through the time, and
manoeuvre (unknown input in system model) identification results
in Fig. 5. From Fig. 5, we can see that the IMM method could iden-
tify the target manoeuvre to some degree, that is, the unknown
input in system model. Because the CA model stands out during
6s <t <10s (60 <k <100). However, it can do nothing to sensor er-
rors. Thus, Fig. 4 presents the significant position estimate error.

5.3. Tracking results by the LJEIT in this paper
In this part, we use Algorithm 2 presented in this paper to es-

timate the system state and identify the unknown inputs. The sys-
tem model F, we use in (1) is the CV model [41], that is

1 Ts 0 O
E_|0 1 00
k=10 0 1 Ts

0 0 0 1

Thus we have the modelling error because we do not take the
unknown input, existed as acceleration, into our consideration of
modelling. However, we could instead model the unknown acceler-
ation as unknown input a, which is driven by input-driven matrix
M,, where

Ts O

1 0
Me=1o 15

0 1

Besides, we should have the measurement model
1 0 0 O
H, = [0 0 1 0}'

Similarly, the measurement model is also insufficient because it
failed to explain the radar biases. Therefore we model the radar
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biases as unknown input b, in measurement model driven by the

matrix N = I,5.

Plus, we give the initial settings: the initial system state xg =
04,1, meaning a 4-dimension vector having all elements of zero;
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Fig. 10. The tracking results given by the LJEIT when | =5 (Part II).

the initial co-variance as Xy = I,4 x 10°, meaning a 4-dimension
identical matrix multiplied by a large number. The process noise
covariance is Q, = diag{1, 0.2, 1, 0.2} (cm), and the noise driven

matrix is I'y = I4,.4; the R, is given in Subsection 5.1.
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Fig. 11. Estimate radar biases regardless of manoeuvring acceleration.

As a demonstration, we set our parameters in Algorithm 2 as
'max = 45, 8 = 1073, 8, = 1074, | = 3. Then the tracking results
are illustrated in Fig. 6.

In addition, we have the manoeuvre (unknown input in system
model) and radar biases (unknown input in measurement model)
identification results in Fig. 7. In Fig. 7, (a), (b), (g) and (h) are gen-
erated by the LJEIT. And (c) and (d) are produced by the first-order
exponential smoothing (ES) from (a) and (b), respectively, with the
filter coefficient @ = 0.07. We use the ES to weaken the influence
of noises, in order to make interested signals outstanding so that it
is easy for us to identify signals by eyes. Alternatively, we do other
100 times of Monte Carlo simulations and average the estimates to
the manoeuvre (Avg), which gives (e) and (f).

As a comparison, we set the window length [ =1 and [ = 5. We
in turn have the tracking results showed in Figs. 8-10. For better
typesetting layout, we split the results of [ =5 into two parts,
placed in Fig. 9 (Part I) and Fig. 10 (Part II), respectively.

In order to testify the mutual dependence between estimating
manoeuvring acceleration (unknown input in the system model)
and estimating radar biases (unknown input in the measurement

model), we do not consider the estimate to the manoeuvre in
the scenario of [ =3 and rpmax = 45, meaning the estimation to
the manoeuvring acceleration is always set as zero. Then we have
Fig. 11.

5.4. Results analysis

From Figs. 6 and 7. We can see the position estimate of the
LJEIT significantly outperforms that of the IMM. Besides, in the x
axis and during the target manoeuvring period, the velocity esti-
mate error of the LJEIT is also notably small than that of the IMM.

Additionally, Figs. 8-10 indicate that different window length
means different tracking performance. It is obvious that [ = 1 is not
sufficient to our problem and it can only tell apart the main trend
of the changing laws of position, velocity, and unknown inputs. | =
3 and | =5 are comparatively more suitable.

Besides, we can find in Fig. 11 that the algorithm no longer
converges (or maybe it converges within an extremely long time
span). This indicates that actually the estimation to the manoeu-
vring acceleration is not independent of the estimation to the radar
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Fig. 12. The computational burden of the algorithm with different parameters.

biases, meaning the identification of unknown inputs are highly
coupled, no matter the inputs are in the system model, in the mea-
surement model or in both. This phenomena is not confusing since
the LJEIT requires the conjunct participation of the system states
and all of the unknown inputs.

Unsurprisingly, the identification error still also exits in our
method. This is dominantly because the algorithm has limited iter-
ation steps (rmax = 45), which leads to the truncation error. How-
ever this is unavoidable in practice. As long as the accuracy of the
results is feasible, the less of the maximum iteration steps, the bet-
ter the result is.

5.5. Computational burden of LJEIT

Although the proposed LJEIT performs well, as a numerical al-
gorithm, we must concern its computational efficiency, since we
only accept the real-time methods in engineering at least in the
signal processing community. The real-time algorithm means an
algorithm that could return a feasible solution to the problem
within a limited time slot like 0.02s, 0.1s or 1s. Now that the
sampling time in this paper is T; = 0.1s. The real-time accordingly
means the LJEIT could estimate the system states and identify the
unknown inputs at each step k within 0.1s. Obviously in our algo-
rithm, the window length [ and the maximum iteration steps rmax
dominate the main part of the running time. We give the typical
testing results of our algorithm in Fig. 12. In Fig. 12, all the used
parameters combination are verified to be efficient to generate a
feasible solution. For briefness, we neglect the solutions they gave,
only providing the computation performances.

From Fig. 12, we can see that even if the maximum iteration
step is set as rmax = 200, or window length as [ =5, all the com-
putations are meaningful since they all terminated within T; =
0.1s. In practice, at some steps the algorithm may not terminate
within the limited time slot Ts, for example, the case of [ =5 in
Fig. 12 (b). What we should do is just to mandatorily stop its exe-
cution and return the current truncated solution. In a long run, as
long as the number of these kinds of mandatory stop is small, it
would not create disaster.

6. Conclusion and future work

In this paper, we study the important LJEIP and extend Lan
et al. [5] by providing strong theoretical results. They mainly in-
clude the existence and uniqueness proof for solutions of the LJEIP,
and effectiveness and convergence proof for the EM-based algo-
rithm generated by the LJEIT. Simulation results validates the ef-
fectiveness and efficiency of our method detailed in Theorem 4 and

Algorithm 2. Although powerful in many senses, our algorithm still
faces several challenges which deserve further study as follows.

e During designing our simulation experiments, we found that,
different input-driven matrix (M, and/or Nj) means different
computational performance in generating the solution, for ex-
ample the average running time at each step, and truncation
error (algorithm accuracy) when given the fixed maximum it-
eration steps, and so on. Thus the first open problem is to dis-
cover the pattern of how the selected input-driven matrix in-
fluence the algorithm performances and which family of input-
driven matrices could optimize the algorithm efficiency under
the fixed parameters (I, rmax etc.);

e Figs. 6-10 indicate that in order to improve the effectiveness of
the solution, the window length should be sufficient. However,
it does not mean that, the longer the window length is, the
better the result is. Instead, it possibly introduces extra com-
putational burden. Thus, the second open problem is to find
out, under the given maximum iteration steps, what the best
(or feasible) window length should be. Because, in Theorem 4,
we do not take into account the specific window length, just
asserting the convergence when the iteration number at each
step tends to infinity;
The third open problem is, besides the deterministic signals as
the unknown inputs assumed in Assumption 1, which classes
of unknown signals the proposed method can handle, and what
are the corresponding solutions to them. Because the underly-
ing philosophy of the EM method is essentially the maximum
likelihood estimation. In theory, as long as we can find the cor-
responding exact/approximated probability distribution of inter-
ested joint and marginal distributions [38,40], we can carry out
the EM method to construct the numerical solution.

Hence here, we invite interested readers in the community to
study the above open problems.
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Appendix A
Al. Errors in Lan et al. [5]
In this section, we list and fix some minor errors in Lan et al. [5] in the following Table Al. In this Table, the first column is the error
sequence number; the second column list the error equation number in Lan et al. [5]; and the last column is the correct equation no in

current paper.

Table A1
Minor Errors in [5] and Corrections in this paper.

No.  Error equations in [5] Corrections in this paper

1 Eq. (2) Eq. (47)
2 Eq. (4) Eq. (48)
3 Eq. (6) Eq. (49)
4 Eq. (10) Eq. (50)
5 Eq. (11) Eq. (51)
6 Eq. (24) Eq. (52)
7 Eq. (25) Eq. (53)

LX | =108 Pyt X Vit - Ve | oK AF1 K1 %0, Zo) = log p(Xy_y_1 | ¥ YE!71 %0, Zo)

k k
+ Y log p(xilxi_1, o K1) + Y log p(yilXi, pf_)). (47)
i=k—I i=k—1

where log is natural logarithmic function.

n+(+1)(m+n 1
Ly = 7% log(2m) — 5 Y (log|Ti1Qi1TL,| +logRi]). (48)
i=k—I

where |A| means determinant of matrix A, which is left unspecified in [5].

—

L= —3 Z D(x; — Fi_1Xi_1 — Mia_1, Ti1Qi4 T ,) (49)

i=k—1

1 . 1 e "
Gy = —2Tr{ > [TiaQia I ] K [C(Ripe-r:e — FiotRio1jte — Miqai_q)

i=k—I

+ Pk — Piictpeoik Fly — FioaPigipee + Fi—lpi—l.i—uk—l:kFLl]} (50)
Eq. (29) in Lan et al. [5] should be fixed similarly.

1 k
G = —5Ir >R [C(Vi — HRjuix — Niby) — HiPy i HY | (51)

i=k—I

Eq. (31) in Lan et al. [5] should be fixed similarly.
P(Xg_i-1 |Y’f_l_l, P11 %0, Zo) = NRy 1. Pri 1) (52)
p(Xi|Xi_1, PF 1 Rii-1) = N(FiiXq +M;qai 1, TQ T ) (53)

Besides those minor errors listed in the above Table A.1, we note several other important errors in Lan et al. [5].

Egs. (32) and (33) in [5] are wrong by the definition of derivative operator of matrices. As a result, Egs. (14) to (17) are neither right in
[5] which were derived from Egs. (32) and (33). We also note that Eq. (32) of Lan et al. [5] holds if and only if there is a premise that a;_4
remains invariant in time interval [k — [, k]. We fix Egs. (32) and (33) in [5]. And corrected equations are (54) and (55) in current paper,
respectively.

oG,

1 .

A, M{ - [T QT ] - (Ripcke — FiorRiqperx — Mizgais) (54)
i

3Gk )

BI’;;I =N R (i — Hi%jj_ s — Nib;) (55)
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A2. Proof of lemma 1
Due to
L§ ., = const, (56)
G(’;.k ; could be uniquely determined; As for G1 . G _, and G3 > given in (57), (58), and (59), respectively.
I Ak—1-1 yk—I-1
Gix =Ex ., [Ll.k—l (IOk—l) | (:Of LY xo, 2:0)]
1 _ “ 11 Ak 1 n
= TP B[O =) (02 e, 0) ]} = 5 Tl = 5 (57)

Eq. (57) holds due to D(X,P)=X"P'X=TrX"P-'X) = Tr(P~'%X") = Tr(P~1C(X)), and ED(X,P) =Tr(P~1EC(X)) = Tr(P~'P) =
Tr(Inxn), where E(.), briefed as E here, means computing the mathematical expectation of the related random variable (X in this case).

Gkkl_E [’2<k (pk )‘(Pk D k I’Xkll)]

k
= _ETr Z [ri71Qi71rfT_1]7]E[C(Xi —Fi1xi_1 — Mmaiq)}(ﬁllf,p Y, Xk—l—l) ]}

k—

[ri—lQi—lriT,1]71E{c[(ii|k—l:k + Xk ) — Fioa (Rioapese + Rioapeere) —Misaaisg [ A YE . Reia] }

I

[

6
M=

k—

[rilez'flr,'Tq]_] {E[C(Rip-tk — FioaRicapere — Miz1aig )|

I

|
N —
b—]

=
0~

(P YE ) Ricin) ) + E[C(Riperse — FioaXistpk ) | (D6 Yi Rieim1) |}
k
= —%Tr > [ri—1Qi—1r,-T_1]7l [C(Ripe-tke — FicaRizqjre — Miz1aiy)

i=k—1

I
=

+ Ptk — itk Fly — FioaPiog ek + FioaPiog o1k F,-Tq]} (58)

Gg,k—l = Ex [ 3k— (pk )‘(Pk I k I 1)]

Il

I

I
h\]
3

3 Z R;'E[C(y; — Hix; — Niby) | (D, Y§_j Rt 1)]}

i=k—I

i=k—

=—5Ir Z RE[C(yi — iRy + Kot ) — Niby) | (D5 lei_l,f(k_l_l)]}

1 - ~ o S ~ s
=—5Ir Z R {E[C(vi — Hiiroe — Nibi) [ (BF_1, i Recio1) | — E[C(HKipe—rac) | (PR Yo Reio1) ]}
i=k—I

k
1 -
=—5Ir >R [C(vi — HiRypepxe — Niby) — Hipi,i|kl:kHiT]} (59)
i=k—1
With similar principle, HY , . H¥, |, and H’2< 4 could be obtained. For the case that T;_;Q;_4I'T_; is non-invertible, see Appendix A.3.
A3. discussion on that T;_; |I(<'1>l<i)i<k is rank deficiency

If T;_ 1|("72<k is not of full rank (namely I‘,»_1Q,-_1I‘l.771 is non-invertible, since Q;_; is positive definite), then I';_; must have a full
rank sub-matrix which is with dimensions s x s. Because TI';_; is of full column rank. Assume the full-rank sub-matrix is I'?_l, then l'?_]
should be composed of s row vectors from I';_;. Re-sort all n row vectors of T';_; to let the s row vectors, which compose the full-rank

sub-matrix, gather together and to be at head of I';_;. That is, reassign I';_; to be with the form showed in (60).

- . T
Po=[re, T, -]
- = = = = T
:[rz‘lq rizq rfl rfﬂ r?q r?—l]
- = = T
=[rp, T ... T, o Tp] (60)

where l'{;l is a row vector from I';_; but is not a row of F?_]
Let k| be an indicator mapping the row index of T';_; to the row index of I';_;. For example, i} 1<k<n = T|i<r<n means the kth row
vector in I', 1 is actually the Tth row vector in T';_; k1, s means the (k1, k3, . Ks,1,/cs)fh row vectors in I';_; which are accordingly the

(1,2,...,s—1,s)th row vectors in T ; f‘{{] means the kth row vector in T ;.
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Let w;_; = I';_1q;_1, then the covariance matrix of w;_; should be
Wiy =T 1Q+I7 ;. (61)

Obviously, W;_; is non-invertible. It means the row elements of w;_; are not mutually independent. That is, some row elements of w;_;
could be linearly expressed by others.
Rewritten w;_; as

Wi =T 1@, (62)
then we have

-k Sk _ T
Wi [nskss :Szm[ W, oWR, o W ] ) (63)

where 5_25‘_ 1 |(1X5) is a constant matrix (linearly expressed). Also, it is easy to know that

@, =Tk, (T2) " (64)
Since

p(WL W2, W) =N[0.T2, Q% (T2,)"] (65)

and (66),

p(WE [ W! W2, W) = N[O, Q10 Q0 (F0,) (@ 1)T], (66)

p(w w2 ,w?_l) = p(v‘v,{l,v’vi{1 LW WS ...,v'v?_l)
= p( i 1,V-V,2 , -f—1) X p(-ffll V-vll—l’v-viz—l’ ) -f-1) XX p("_"?—1“’_"zl—1"’-"i2—1’ "’-"?—1)
— 0 \T = 1=q = =0 \T/a T = =0 = — 0 \T, & \T
= N[O rO 1Q10 (r?—l) ] x N[O, Qfﬂr?—l o—l(r?—l> (ﬂfﬂ) ] XX N[O’ Szln—lr?—l Q—l(r?—l) (9?—1) ] (67)
Thus, Eq. (10) in this case should be (68)
s -0 = T
p[xilxii1. (Yr_p of K1) ] = [(Fz 1Xis1 + Miz1@io1) |, T, Q7 (T2) ]
XNI:Q (Fl 1Xi-1 + M;_qa;_ 1)|Kls’ — 1Q10 (r?l ]
N[QL - (FioiXi1 + Mi1ai1) [« » 9?711:971(1@71 (T) Q? ] (68)

in which, the operator [-]|K1:S means taking the corresponding rows, that is from «; to x5, of [-].
As a result, Eqs. (14) and (16) should be re-given as (69) and (70).

n+(+1)(m+n 1
1y = - g 0m) 2 log Py
1 & n i = =0 = = T, = T
-3 Z {log‘l‘? Q2 (F2,) \+ ) log[SZl{ll‘?_]Q?_l (F2.,)" (@) ]JrloglRil} (69)
i=k—I t=s+1
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1 & =0 = - T
s = ) {D<(Xi —FiiXii — Misaiq) |, - T, Q04 (TY,) >+
i=k—1
n

1 @ ot 2
- - T~ T [xi - ;- FiiXig +Mi—1ai—1)|K1:s] } (70)
= TP Q7 (r?—l) (Sszl)

where x!* means the «* row of x; @ | means the t™ row of €; ;.
Accordingly, Eq. (25) should be re-given as (71).

1 S -1 . .
Gt = —2Tr{ > I:r?—lQlo—l(r?—l)T] AC[(& — Fioa®iy = Mijaiq) |, |
1

i=k—1

APtk bene — (Pictpotk B e = (FiotPotipetk) s + (FotPotictici By ) e 1}

- = a 2 c
~ l Izc { n [x:ft _ ﬂfﬁl . (Fi_ﬂ(,‘_] + M,»_1ai_1)|,(,:s] + PS]‘ ¢ } (71)
3 - - = T, = T ’
i=k—1 | t=s+1 9§71r?f1Q?71(r?71) (Sz:il)
where
® - = - 2 - - - 2
PP, = Ege [R - Q@ (Fia&i1) e | = Ege [Rf = Q@ Fistley, Kictle | (72)

Eq. (71) holds because Eg, [X{']=0.
k-1
Besides, Eq. (35) should be rewritten as (73). Let D; = 0, then af ; in Eq. (37) should be (74). It should be noted that, due to M;_; is of
full column rank, thus B is no wonder invertible. That is to say a;_; can be uniquely determined.

- _ _ -1
Dy = col {(Mil )" - [F?AQ?A(F?J)T] R = FioiRios = Migaig) e, ]

i=k—1.....k
n [S-zf_l 'Mi—l|K1:s]T
t=s+1 Q§,1 f?—l Q?—l (f?—l)T (Qf—l)

_ _ _ -1
= col {(Mi1 |K1:s )T ! I:r?,1Q?,1 (r?—l)T] ’ [()A(' - Fi71ii*1)|"l:s -M;_, |K1:s : ai*1]

oK = Q- (FiaRiog + Misjai) ey, ]}

i=k—1,...k
n @ M. ] _ _
- _[ T 1'”’;]_ (R @ (FoaRit) ey, — Ry Mg, ~ai_1]} (73)
t=s+1 Sszlr?le?q (r?q) (954)
a =B A (74)
where
A= (Mi—l |K1;5 ) [r?_1Q?_1 (r?_1) ] [(xl - Fi—lxi—])|K1;s] + = _ . : [X:'([ - 9571 ' (Fi—lxi—l) |K1;5 ]v (75)

and

B o -1 n (M e, )" (S 2 Y
B = (Mi_, )T'[F?AQ?A(F?A)T] Mzt + Z M 1.|t '_)0 (_0 o T 1-t lr]l —
t=s+1 Szi—lri—lQi—l(ri—l) (SZH)
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